In this note we propose and analyze an implicit-explicit scheme based on second order strong stability preserving time discretisations. We also present some theoretical and numerical stability results for second order Runge Kutta IMEX schemes.
Introduction
Implicit-explicit schemes (IMEX) are methods for the solution of time-dependent differential equations in the forṁ y = f (y) + g(y),
where f and g are terms with different character such that one, say g, mandates implicit treatment whereasẏ = f can be solved efficiently by an explicit method. Such systems often arise from spatial (semi-)discretisation of time dependent PDEs by the method-of-lines -a prime example being discretisations of transport equations that may contain different terms accounting for advection, diffusion, and reaction.
It is beyond the scope of this note to give a complete description of IMEX methods; for a systematic discussion of multistep IMEX schemes we refer to Ascher et al. [2] . Frank et al. [3] analyzed the stability of multistep IMEX schemes, and showed that stable implicit and explicit integrators do not necessarily lead to a stable implicit-explicit method. Ascher et al. [1] have also developed IMEX schemes based on multistage Runge-Kutta integrators.
Traditional explicit multistep schemes, such as the Adams-Bashforth methods, do not have the Strong Stability Preserving (SSP) property [5] . The SSP property is a generalization of the Total Variation Diminishing (TVD) property for hyperbolic problems, and it is an expression of non-linear stability of the scheme. In this note we discuss the stability of a novel IMEX scheme based on a second order accurate SSP multistep time discretisation. We also present some stability results for second order Runge-Kutta IMEX schemes. The stability analysis below is based on the scalar test equatioṅ
where λ and µ are complex constants that represent the eigenvalues of the explicit and implicit operators, respectively.
We will show that second order IMEX schemes based on the explicit multistep SSP discretisations proposed by Shu [9] have stability properties that are comparable to the Crank-Nicholson/Adams-Bashforth and BDF2 IMEX methods. Furthermore, for implicit-explicit second order Runge-Kutta methods we will show that there are severe restrictions on the explicit stability domain if we require full implicit stability, and we will use numerical experiments to demonstrate approximate conditions on the implicit eigenvalues to obtain better explicit stability.
Second order multistep SSP scheme
Consider the explicit three-step second order scheme proposed by Shu [9] 
This method is strong stability preserving and has the TVD property for Courant numbers, σ < 1/4.
To construct an IMEX scheme based on (3) we add an interpolated term of the implicit operator centred at time level n,
where β < 1 is a non-negative algorithmic parameter.
The stability results of Frank et al. [3] are not applicable to the proposed scheme, because of the symmetry of the interpolated implicit term. We will however show that the method is A(α)-stable with respect to the implicit operator with a slight reduction of the explicit stability domain, S.
where C = β/(β − 1).
PROOF. For brevity we will only outline the proof. We apply the IMEX scheme (4) to the test equation (2) to obtain the characteristic equation, which can be written
where the polynomials
correspond to the time derivative, explicit, and implicit operators, respectively. We follow the analysis of Frank et al. [3] by determining the stability domain with respect to µ by the image of the exterior of the unit disk under the mapping
We will only consider β ≤ 1/2, since the implicit stability domain is a closed region in the left half plane for β > 1/2. Consider first λ = 0, which corresponds to the implicit integrator with f (u) = 0 in (4). We show the image of the unit disk under ϕ 0 (z) in Fig. 1 . The implicit stability domain is the wedge-shaped region in the left half-plane. To determine the half-angle α 0 we consider the image of the boundary, the unit circle parametrized by the angle θ, that is ϕ 0 (exp(iθ)). The mapping ϕ 0 (exp(iθ)) is singular in the limit cos θ → C = β/(β − 1), and the angle α 0 is then given by the slope of the asymptote:
Let us then consider the effect of non-zero explicit eigenvalues, λ, on the mapping ϕ λ . We observe that |Im(λ)| > (2 + C) √ 1 − C 2 /3 will rotate the wedge of stability entirely into the upper or lower left quadrants. In order to have a useful stability domain that -at least -contains the negative real axis, we must introduce an upper limit on the imaginary part of the explicit eigenvalues, |Im(λ)| ≤ γ < (2 + C)
We obtain a lower bound on the angle α if we choose λ = ±iγ, and the result follows. 2
Note that the natural choice β = 0 maximizes both the angle α and the upper bound γ, and thus gives the largest stability domains for both the implicit and explicit operators. Furthermore, although the above result require that we use a reduced explicit stability domain, the restrictions are not prohibitive. To illustrate this, we compare the Fourier symbol of the third order finite difference κ = 1/3 advection scheme (see for example [8] ) with the reduced stability domain, S 1/2 in Fig. 2 . The Courant number in this particular example is σ = 0.35 which is well above the value for which the scheme is expected to be TVD (σ TVD = 1/4). The proposed scheme (4) appears to be a competitive alternative to the CrankNicholson/Adams-Bashforth IMEX method. The computational cost is lower -the modified version of the CNAB scheme comprises two evaluation each of f (y) and g(y) in addition to the inversion of g per time step, whereas (4) requires one evaluation each of f and g plus the inversion of g. Furthermore, the explicit integrator in (3) is SSP while Adams-Bashforth is not, and the explicit stability domain for (3) lies closer to the imaginary axis. Note that discretisations of advective terms often have an appreciable part of the spectrum close to the axis, as we can see in Fig. 2 . Finally, if we consider time steps and Courant numbers close to the SSP limit for (3), the required value of γ (γ = 0.34 for the κ = 1/3-scheme) permits an angle α that is comparable to the value obtained for the modified CNAB scheme [3] .
If we compare with the IMEX BDF2 scheme, which has two evaluations of f per time step, we see that the computational cost of the two methods is comparable. The proposed method (4) may however be slightly cheaper in many situation, because discretised explicit (advection) operators are often non-linear and have wider stencils than the implicit (diffusion) operators. The non-linear stability properties of the two schemes are comparable, since Hundsdorfer and Jaffré [7] recently showed that the (explicit) extrapolated BDF2 scheme with a suitable starting procedure is TVD for Courant numbers σ < 1/4. With respect to implicit stability, the IMEX BDF2 method have a comparable albeit slightly larger value for the angle α than (4). Furthermore, the BDF2 method has much better damping properties for implicit eigenvalues in the stiff limit.
Stability of RK2 IMEX schemes
We consider two second order Runge-Kutta IMEX methods; the implicitexplicit midpoint method
and the implicit-explicit trapezoidal method
These two schemes are in a sense equivalent because they share the same stability function
where r(λ) is the stability function of the explicit second order RK schemes
which determines S -the explicit stability domain.
With respect to the properties of the explicit components of the methods, viz. the explicit trapezoidal and midpoint methods, there are similarities and differences. For finite difference solutions of the linear advection equation, Hundsdorfer et al. [8] found experimentally that both methods are stable for unlimited fluxes for σ ≤ 0.87, and that the flux-limited version is stable and positive for σ ≤ 1. The explicit trapezoidal method is, according to Gottlieb and Shu [4] , the optimal SSP second order Runge-Kutta method. The midpoint method, on the other hand, can not be written in SSP form for non-zero ∆t.
The main stability result for the two Runge-Kutta IMEX schemes above concerns A-stability with respect to the implicit eigenvalues Lemma 2 The implicit-explicit second order Runge-Kutta methods (7) and (8) are A-stable with respect to the implicit eigenvalues µ if the explicit eigenvalues λ are in the restricted stability domain
PROOF. A sufficient and necessary condition for A-stability is that the stability function R is analytic in the left half-plane, and that |R| ≤ 1 on the imaginary axis [6] . We assume that λ ∈ S, and insert µ = iη in (9) to obtain
In the limit |η| → ∞ we then have |1 + λ| ≤ 1. 2
Remark 3
This result applies for all eigenvalues in the left half-plane for which the magnitude goes to infinity. In particular this also applies for negative real eigenvalues in the stiff limit.
We compare the full and reduced explicit domains in Fig. 3 . The above stability result is fairly restrictive. Note first that if the explicit operator is an advection term discretised by the first-order upwind finite difference scheme, then the symbol of the discretisation is enclosed in S ′ for Courant numbers σ ≤ 1. For higher order discretisations this is however not so, in particular will the Fourier symbol of the second order κ schemes have a chunk -close to the imaginary axis -lying outside S ′ for any non-zero σ, indicating instability in the long wavelength limit. To obtain a more useful stability region for λ close to the imaginary axis we can not require A-stability with respect to µ. Furthermore, as a consequence of Remark 3, we can not even achieve A(α)-stability.
To gain further insight into the properties of the scheme, we perform numerical experiments directly on the stability function R(λ, µ). To this end we compute the stability function for a number of random combinations of λ ∈ S and µ ∈ D ′ , where D ′ is a suitably restricted candidate implicit stability domain. We find that we must restrict both the magnitude and the argument of the implicit eigenvalues to obtain improved stability near the imaginary axis. In Fig. 4 we show unstable eigenvalue combinations, that is pairs of λ and µ that give |R(λ, µ)| > 1. Note that we do indeed have improved explicit stability for λ ∈ S \ S ′ close to the imaginary axis.
The most important application of IMEX schemes is perhaps the solution of advection-diffusion equations, in which the discrete implicit diffusion operators often are symmetric positive definite with real eigenvalues. In this case, if we write λ = x + iy and µ = ξ ∈ R − , the stability function becomes An experiment, similar to those described above, performed on this form of the stability function, shows that if we choose x ≥ −1, we can have stability for λ ∈ S ∩ {z : Re(z) ≥ −1} for moderate values of ξ > ξ 0 ≈ −2.69. Using only the right half of the explicit stability domain, S, is not unduly restrictive provided that the explicit advection discretisation is not too dissipative. If we, for example, use the κ = 1/3 finite difference scheme; requiring x ≥ −1 allows the quite useful σ = 3/5. Motivated by this, we pick λ from the interior of the symbol of the κ = 1/3-scheme with σ = 3/5 to perform a similar experiment. We then find, after repeated experiments totaling several million random eigenvalue pairs, the smallest (in magnitude) unstable implicit eigenvalue to be ξ 0 ≈ −27. We can estimate a lower stability bound for the local Peclet number if the implicit operator is a second order centred difference approximation to a diffusion term, with eigenvalues ξ = 2δ This bound is in good agreement with numerical tests of the trapezoidal scheme for one-dimensional advection-diffusion.
Ascher et al. [1] suggested the IMEX midpoint method (7) as an alternative to the CNAB method in 'most situations'. This is an attractive idea since the explicit RK2 methods have a much larger stability domain than AdamsBashforth, thus allowing larger time steps at similar computational cost. Our stability results indicate that the IMEX RK methods (7) or (8) can replace multistep schemes if the magnitude and argument of the implicit eigenvalues are bounded -the restrictions are however by no means severe as shown above. In some situations, the eigenvalues cannot be estimated a priori. The RK2 IMEX schemes can however still be employed if the accuracy of the explicit discretisation is reduced -possibly dynamically as a function of some measure of stiffness.
